In this paper, it is proved that, under very general assumptions, the existence of a single trapped surface in a globally hyperbolic spherically symmetric spacetime is sufficient to prove the completeness of future null infinity and the formation of an event horizon whose area radius is bounded by twice the final Bondi mass. The assumptions are motivated from the evolutionary point of view and should hold for solutions of the initial value problem for a large class of coupled Einstein-matter systems.
One of the fundamental questions in gravitational collapse is the so-called weak cosmic censorship conjecture [2, 14] . This is the statement that, for generic asymptotically flat initial data, solutions to appropriate Einstein-matter systems possess a complete null infinity. For a precise definition of this latter concept, the reader should consult [2] .
In [1] , Christodoulou proves weak cosmic censorship for the collapse of a spherically symmetric self-gravitating scalar field. His argument proceeds by showing that data leading to a naked singularity produce in evolution a trapped surface when generically perturbed. The completeness of null infinity is then infered from the existence of this trapped surface.
In the present paper, we formulate general assumptions which, in the context of spherical symmetry, ensure that the existence of a single trapped surface suffices to show the completeness of null infinity. The assumptions are tied to the evolutionary point of view and can be shown to hold for the maximal developments of initial data for a variety of matter models; thus, the results of this paper may be useful in studying weak cosmic censorship. In addition, under these assumptions we obtain the upper bound of twice the final Bondi mass 1 for the area radius of the event horizon of the black hole that forms.
Spherical symmetry
In this paper (M, g) will be a sufficiently regular 2 spherically symmetric spacetime 3 , satisfying the weak energy condition, and possessing an asymptotically flat complete spherically symmetric Cauchy surface Σ with one end. The hypersurface Σ will be assumed to possess no anti-trapped surfaces 4 . We will assume that the quotient Q = M/SO(3) inherits the structure of a time-oriented Lorentzian manifold with (possibly empty) connected timelike boundary Γ emanating from Σ/SO(3), corresponding to the set of fixed points of the action. Spacetimes as described above arise naturally as maximal developments of appropriate spherically symmetric initial data for various coupled Einstein-matter systems.
We will denote by r the function on Q retrieving the square root of (4π)
times the area of the group orbit corresponding to each point of Q. The function r extends differentiably to 0 on Γ, and r > 0 elsewhere. Let S denote the projection of Σ to Q. Let Q + denote the projection of D + (Σ). It follows that inextendible null curves in Q + must have past endpoint either on S or Γ. Appropriately parametrizing these curves on S∪Γ defines global null coordinates (u, v) for Q + such that u and v have finite range. The coordinates u and v will be assumed to increase to the future. The coordinate v will be such that ∂ v r > 0 on the Cauchy surface, for large r. The assumption of no anti-trapped surfaces then corresponds to the statement ∂ u r < 0 on S.
Q + Γ
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We will consider Q + then as a bounded subset of the (u, v) plane, and Q + will denote the closure of Q + with respect to the usual topology of the plane. We will refer to causal relations on Q + with respect to the causal structure inherited from the (u, v)-plane with metric −dudv. Constant-v curves will be called ingoing, whereas constant-u curves will be called outgoing. Following the notation of Christodoulou [3] , we define the regular region
the trapped region
and the apparent horizon
We also recall the definition of the Hawking mass:
We include for completeness the proof of the following proposition, due to Christodoulou, contained in [3] :
Proof. First some identities. Let −Ω 2 dudv denote the metric on Q. Denoting
it follows that T µν induces a symmetric 2-tensor on Q, and the weak energy assumption is precisely the statement that
We recall from [3] the identities
At this point we can state our regularity assumptions: We assume that r is differentiable, 2m r is continuous and vanishes on Γ, the quantities T uv , T vv , and T uu are locally bounded, and the equations (2), (4) hold almost everwhere on all constant u-curves, and similarly (1), (3) hold almost everwhere on all constant v-curves.
All ingoing curves in Q have past endpoint on S. Thus, integrating (1) from S, we obtain-in view of the energy condition and the assumption ∂ u r < 0 on S-that Ω −2 ∂ u r < 0, and thus ∂ u r < 0 in Q + . This proves the first statement. The second statement is an immediate consequence of the identity
in view of the inequality ∂ u r < 0.
Integrating now (2) yields that Ω −2 ∂ v r is a nonincreasing function of v, and this immediately yields the final statement.
For the third statement, note first that the inequalities ∂ u m ≤ 0, ∂ v m ≥ 0, on R, are trivial consequences of the signs of ∂ v r and ∂ u r in (3) and (4), in view of the energy condition. To show that m ≥ 0 on R, in view of the fact that the statement proved in the previous paragraph shows that (u 
The Cauchy surface acquires a unique limit point i 0 in Q + \ Q + called spacelike infinity. Consider the set of all constant-v rays such that r → ∞. The set of all limit points of these rays on Q + \ Q + is denoted by I + and called future null infinity.
Q + Γ
S
I + i 0 Proposition 2 If non-empty, I
+ is a connected ingoing null ray with past limit point i 0 .
Proof.
+ and let u < u 0 . Since, by definition lim v→∞ r(u 0 , v) = ∞, while on the other hand r(u, v) > r(u 0 , v) by the inequality ∂ u r < 0, it follows that lim v→∞ r(u, v) = ∞, i.e., (u, V ) ∈ I + . This proves the proposition. 2
Some assumptions
We introduce the assumption:
The motivation for this assumption is that it is usually easy to prove for the evolution of spherically symmetric Cauchy data for various Einstein-matter systems. The set J − (I + ) is the so-called domain of outer communications. Clearly, by Proposition 1, it follows that
From the inequalities ∂ v r ≥ 0, ∂ u r ≤ 0 in R, it is clear that m extends to a nonincreasing non-negative function along I + . We will denote inf I + m by M f , and refer to this as the final Bondi mass.
Let Q * denote the intersection of Q + with the set {v = V }. Since r is decreasing on ingoing null rays, r can be extended by monotonicity to a function defined on Q
* . In what follows, we will make in addition, the following assumption:
follows that there exists a point q ∈ J − (p) such that q ∈ R \ Q + , and r(q) = 0.
As with the previous assumption, the motivation for Assumption 2 is that it can be shown to hold for the future maximal development of suitable spherically symmetric initial data for various Einstein-matter systems. See, for instance, [10] . The results of [15, 16] indicate that this assumption should hold for the Einstein-Vlasov system, although this can not be infered directly as the coordinate systems employed may not cover all of the regular region R. Note that Assumption 2 can easily be seen to be equivalent to the statement that R ∩ Q * \ Q + , if non-empty, is an outgoing null ray emanating from a point on Γ.
The completeness of null infinity
We have
Theorem 1 If T is non-empty, then I
+ is future complete.
Proof. Since T is non-empty, it follows by (5) that J − (I + ) has a future boundary in Q + . This future boundary is an outgoing null ray H we shall call the event horizon. It is clear that H ⊂ R ∪ A.
By Assumption 2, H = Q * ∩ {u =Ũ} for someŨ , i.e., it cannot terminate before v =Ṽ . We shall denote the point (Ũ , V ) by i + .
Q +
We will call this set the outermost apparent horizon. First we show Sinceū ≤ u ′ , it follows that the outgoing null curve u =ū intersects R ∪ A. In particular, there is a point on this curve such that r ≥ c > 0. Thus, it follows from ∂ v r ≥ 0 in R∪A that r(ū, v ′′ ) ≥ c, and thus, by Assumption 2, (ū, v ′′ ) ∈ Q, a contradiction. 2 We have in fact the following
Lemma 1 A ′ is a non-empty (not necessarily connected) achronal curve intersecting all ingoing null curves for
The above lemma is one manifestation of what is commonly refered to in the literature as a Penrose inequality. 5 In particular, this implies that M f is strictly positive.
In particular, integrating the inequalities ∂ v m ≥ 0, ∂ u m ≤ 0, along these segments, yields
Since this is ture for all M > M f , r ≤ 2M f . 2 Next, we shall prove the following:
The above lemma is yet another manifestation of a Penrose inequality. Since ∂ u r < 0 immediately yields sup
it follows that the above lemma, interpreted as a lower bound on M f , is a stronger statement than the previous.
Proof. Suppose not. Then there exists a point (Ũ ,Ṽ ) on the event horizon such that r(Ũ ,
By (6), we know that u ′ > u. By continuity, and Assumption 2, it follows that there exists a u
and, thus X is closed. Since X is clearly connected, it follows that
and thus, by Assumption 2,
But the left hand side is the closure of the right hand side in the topology of
is an open and closed subset of
and consequently,
and moreover,
Integrating (3), noting that both terms on the right hand side are non-negative in R, and that the Hawking mass satisfies 0
Consider now the quantity
This is well defined at (u 0 , v * ) for all v * ∈ [Ṽ , V ). We easily compute the identity
In view of the bounds r ≥ R ′ ,
and thus, integrating (8),
We obtain immediately that
and, thus, upon integration r(u
It follows that H is not the event horizon after all, a contradiction. 2
The completeness statement we shall prove is the formulation of [2] . In our context, this takes the following form: Fix an outgoing null ray u = u 0 , for u 0 <Ũ , and consider the vector field
. This vector field is parallel along the outgoing null ray u = u 0 , and on all ingoing null rays. We shall show that the affine length
Let R > 2M f , and consider the curve {r = R} ∩ J − (I + ). By Lemma 1, for sufficiently large v 0 < V , all ingoing null curves with v ≥ v 0 intersect {r = R} ∩ J − (I + ) at a unique point (u * (v), v), depending on v. Let M denote the Bondi mass at u 0 . We have
where (10) follows from the bound
, which is proven as in (9) . Since r(u 0 , v) → ∞ as v → ∞, to show the theorem, it suffices to show that (−∂ u r)(u 0 , v) is uniformly bounded in v.
Consider the quantity
In analogy to (8), we have
and thus 
Remarks
It is clear that in the above theorem, we only used the condition T = ∅ to infer Q \ J − (I + ) = ∅. Thus, it follows that we have in fact proven Another point is worth mentioning. The assumption that Σ is a complete Cauchy surface with one end can be weakened. We need only assume that Σ contains an asymptotically flat end and S = Σ/SO(3) is a connected onedimensional manifold, possibly with boundary. Choosing then an end, and choosing v to point in the direction of this chosen end, i.e. such that λ > 0, ν < 0 near the end, we consider the subsetS of S, defined to be the connected component of S ∩ {ν < 0} containing the end. We clearly have ν < 0 on J + (S) ∩ Q + . If we assume m ≥ 0 on the past boundary of J + (S) ∩ Q + , we have again that Theorem 2 holds. A sufficient condition for Q \ J − (I + ) = ∅ is for T ∩ J + (S) ∩ Q + = ∅. Finally, it might be useful to point out what we have not shown. We have not shown that i + ∈ A ′ , and we have not shown that sup H r = 2 sup H m. Both these statement are true, however, in the case of a self-gravitating scalar field.
